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Abstract
Microvibrations of a satellite reaction wheel assembly are commonly anal-
ysed in either hard-mounted or coupled boundary conditions, though coupled
wheel-to-structure disturbance models are more representative of the real en-
vironment in which the wheel operates. This article investigates the coupled
microvibration dynamics of a cantilever configured reaction wheel assembly
mounted on either a stiff or flexible platform. Here a method is presented to
cope with modern project necessities: (i) need of a model which gives accu-
rate estimates covering a wide frequency range; (ii) reduce the personnel and
time costs derived from the test campaign, (iii) reduce the computational
effort without affecting the quality of the results. The method involves mea-
surements of the disturbances induced by the reaction wheel assembly in a
hard-mounted configuration and of the frequency and speed dependent dy-
namic mass of the reaction wheel. In addition, it corrects the approximation
due to missing speed dependent dynamic mass in conventional reaction wheel
assembly microvibration analysis. The former was evaluated experimentally
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using a previously designed and validated platform. The latter, on the other
hand, was estimated analytically using a finite element model of the wheel
assembly. Finally, the validation of the coupled wheel-structure disturbance
model is presented, giving indication of the level of accuracy that can be
achieved with this type of analyses.
Keywords: Microvibration, Dynamic Coupling, Dynamic Mass, Reaction
Wheel Assembly
1. Introduction
Issues related to microvibration disturbances on a satellite are a major
concern for missions where high levels of pointing accuracy and stringent
platform stability are required [1–7]. Furthermore, it has also become of rel-
evance for the low cost end of the market. For instance, mini- and micro-
satellites such as the SSTL-300-S1 platform [8, 9] or Skybox [10] have the
mission to carry cameras with ground resolutions toward 1 metre hence, even
small displacements (i.e. in the order of micro-metres) of the mounting in-
terfaces of the instrument may lead to unacceptable large oscillations of the
instrument line of sight. Microvibrations are classified as low level mechani-
cal accelerations typically in the range of microgravity (µg) usually occurring
at frequencies from a few Hz up to several hundred Hz [11]. Microvibrations
are generally produced by internal mechanisms on-board spacecraft, includ-
ing Reaction Wheel Assemblies (RWAs), momentum wheel assemblies, cryo-
coolers, solar and antenna pointing mechanisms, and thrusters. Among the
various disturbance sources on a spacecraft, RWAs are commonly considered
as the largest [12, 13]. The induced disturbances are transferred through the
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satellite structure towards the payloads and sensitive instruments, exciting
their modes of vibration and severely affecting their performance. Moreover,
estimates of the microvibration effects become more complicated as the dy-
namics of the microvibration sources also couple with those of the satellite
structure [14, 15]. In addition, the understanding and control of the vibra-
tion level at sensitive locations, using passive damping and active control
technologies [16, 17], is also a crucial factor in order to achieve the desired
instruments’ performance.
The rotor dynamics of a Wheel Assembly (WAs) for space application in
both the symmetrical and cantilevered configurations have been extensively
developed in literature [18–21]. Although the two arrangements are different,
they show similar dynamic behaviour, except for the two flexural modes (ra-
dial translation and in-plane rotations) which are well defined and separated
for the symmetrical design, but coupled for the cantilevered configuration. In
this paper, a cantilever configured RWA, illustrated in Fig. 1, is considered
and a mathematical model to describe its dynamics presented. The model
is then implemented with a supporting structure (either stiff or flexible) to
perform microvibration coupled analyses and tests, also described herein.
The first challenge towards satellite microvibration analysis is the charac-
terisation of the potential disturbance sources. Two different methods are
usually adopted for measuring the RWA-induced disturbances depending on
their boundary conditions: hard-mounted configuration (isolated, with the
RWA rigidly grounded on a multi-axis dynamometric platform, e.g. Kistler
table) and coupled (i.e. RWA mounted on a supporting flexible structure
hung free-free by elastic cords). The former has been thoroughly developed
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(a) (b)
Fig. 1.
Wheel assembly model: (a) cantilever configured RWA and (b) cantilevered RWA used in
test.
in the past, and the most representative works are reported in [19, 21–24].
However, dynamometric platforms cannot generally be used for coupled mea-
surements, due to their size and weight. An air-floating vibration detection
system was described in [24] and subsequently adopted in [25]. Although
accurate, the system can operate only up to a maximum frequency of 20 Hz.
The direct measurement approach for evaluating RWA-structure coupled mi-
crovibrations is, in contrast, not as mature.
For this reason, the current practice in the space industry is to use the
outcomes from the hard-mounted configuration measurements as direct in-
puts for the satellite microvibration analysis. Its fundamental concept is,
however, flawed as hard-mounted microvibrations do not represent the real
environment in which the RWAs will operate. In fact, the RWA is mounted
on a “flexible” satellite structure and therefore, the loads exchanged at the in-
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terface are different from those derived from the hard-mounted configuration.
With the aim to analytically reproduce the dynamics between a source and
its supporting structure, the dynamic mass (or its inverse, the accelerance) of
the source or the driving point accelerance of the supporting structure need
to be evaluated [23].
Generally, the forces and moments obtained from hard-mounted configu-
ration measurements are applied at the location where the source is mounted
on the structure, adding a lumped inertia to include the source [23, 26–28].
This method is typically able to provide good predictions of the satellite
performance if the RWA has resonance frequencies well above the frequency
range of interest, which is not often the case for microvibration applications,
hence the internal dynamics of the source (dynamic mass) need to be taken
into account. Works to investigate and derive the dynamic mass of the source
were initially carried out in [23, 29, 30]. However, all of them assumed the
flywheel in a static condition (flywheel at zero speed) thus not including the
gyroscopic effect. In [31], a detailed method to obtain the dynamic mass of a
RWA including the gyroscopic effects was developed and validated. Although
the results are accurate, this method is significantly challenging in terms of
test configuration and computational effort.
In this article, the dynamic mass of the RWA, retrieved experimentally
in a static condition and expanded analytically to include the gyroscopic
effect by means of the RWA Finite Element (FE) model, is implemented
with hard-mounted loads’ measurements to estimate the coupled dynamics
between a RWA and a supporting structure. The article aims to demonstrate
the importance of the dynamic mass and, in particular, the improvements
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in the results due to considering both flywheel angular speed and frequency
dependance.
In this study, a stiff Aluminium platform and a honeycomb structural
panel are used as supporting structure for a cantilever configured RWA. The
two assemblies were tested for coupled microvibration analysis hanging the
system free-free using elastic cords and their characteristics, from both ex-
perimental and analytical results, are compared and discussed herein. More-
over, the agreement between the data is quantified by means of Frequency
Response Assurance Criterion (FRAC)[32]. The FRAC fundamental assump-
tion lies in the premise that the measured and synthesized data should be
linearly related (unity scaling coefficient) over the full range of frequency.
Finally, discussions on the level of accuracy that can be achieved with this
type of analyses are provided.
2. Mathematical Model
In this study, a cantilever configured RWA disturbance model developed
in [33] and subsequently re-elaborated in [34] using an energy approach to
derive the generalised Equations of Motion (EoMs) through Lagrange’s equa-
tion [35] is considered. The process is here briefly summarized for convenience
of the reader. The model is subsequently implemented to predict the dynamic
mass of the RWA in both static and operative conditions.
2.1. Wheel Assembly Modelling
The development of the complete mathematical model includes two cases:
balanced flywheel and imbalanced flywheel. The simplified imbalanced wheel
model is shown in Fig. 2. In order to clarify the terminology adopted in this
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Fig. 2.
Simplified imbalance cantilever configured wheel assembly model
7
paper, the parameters referring to the RWA flywheel are marked with the
subscript w whereas, for those relative to the RWA wheel-base, the subscript
b is used. The flywheel was modelled as a rigid disk with mass Mw , torsional
inertia IRw , and moment of inertia w.r.t. spin axis IZw . In addition, it was
connected by a mass-less and rigid shaft of length d to the soft-suspension
system. The inertial frame XwYwZw and the body frame xwywzw coincided
at the Centre of Mass (CoM) of the flywheel Ow with the zw-axis (or Zw-
axis) defined in the shaft pointing direction. Rotations about the three axes
in their corresponding frames are θw, ϕw and ψw. Let Ω be the constant
flywheel rotation speed and assume the flywheel is at steady speed rotation,
Ω = ψ˙w. Similarly, the wheel-base is modelled as a rigid disk of mass Mb,
radial moment of inertia IRb and moment of inertia w.r.t. spin axis IZb .
Its CoM is set at a distance e from the suspension system connecting the
flywheel and the wheel-base and g from the suspension system linking the
wheel-base and the ground.
The flexible components in this system were the suspension system that
connected the flywheel and the wheel-base (denoted with subscript w) and
the suspension system that connected the wheel-base to the ground (denoted
with subscript b). The latter was able to represent a hard-mounted boundary
condition by assuming infinite values of the spring’s stiffness and a free-free
boundary condition where these are set to zero. The suspension systems were
modelled as a combination of five Degrees of Freedom (DoFs), as depicted in
Fig. 2. These included:
i. two combinations of linear springs and dashpots, each in one of the two
radial translational DoFs (x and y)
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ii. two pairs of torsional springs and dashpots, each in one of the two radial
rotational DoFs (θ and ϕ)
iii. a pair of linear spring and dashpot in the axial translational DoF (z)
Due to axisymmetry, the spring and dashpot values, in the radial trans-
lational DoFs and in the radial rotational DoFs, were assumed identical,
respectively. The generalised Lagrangian coordinates in the RWA model are
ten: xw, yw, zw, θw, ϕw, xb, yb, zb, θb and ϕb contained in the vector qwa.
The angular rotation w.r.t. z-axis, ψw and ψb, are not considered due to the
assumption of flywheel steady speed rotation and, consequently, domination
over angular speed perturbation in the torque DoF.
The mass imbalance can be represented as a point mass m, placed at
radius r on the flywheel and distance h from the flywheel CoM. This cre-
ated radial forces and moments when the flywheel spins which amplitudes
are function of the radial distance and angular speed. Although the model
captures the RWA structural modes including the gyroscopic effects, funda-
mental harmonics and their amplifications, it does not consider either sub-
and super-harmonics (due to motor bearing imperfections [36]) or broadband
noise. The excitation vector, representing the disturbances derived from the
flywheel mass imbalance, motor bearing imperfections and broadband noise,
can be described superimposing sub- and high- harmonics and broadband
noise with the fundamental harmonics [26].
In order to derive the system EoMs in their linearised form, the kinetic
energy, the potential energy and the work done were computed following a
similar process to that described in [33]. The kinetic energy was defined as
the sum of the kinetic energy associated with a balanced flywheel (no mass
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imbalance) and that given by the mass imbalance. The potential energy was
derived by applying virtual displacements at the flywheel and wheel-base
CoMs and calculating the forces and moments due to the elastic reaction of
the suspension systems. Similarly, the work done was calculated by evaluat-
ing the viscous forces and moments generated by the dashpots when virtual
displacements are applied. The energies and the work done were subsequently
implemented in the Lagrange-Euler equation [35]. In the simplification and
linearisation processes, small displacements and angles were considered thus
to neglect second order terms. Moreover, the flywheel angular speed (about
the axial axis) was assumed significantly larger than the angular velocities
about the radial axes hence ignoring the second order effects related to the
latter.
Finally, the linearised EoMs of the wheel assembly in its matrix form can
be expressed as:
Mwaq¨wa + (Cwa +Gwa)q˙wa +Kwaqwa = fwa (1)
where qwa and fwa are the vector of the generalised Lagrangian coordinates
and the excitation vector, respectively. Matrix Gwa contains terms reproduc-
ing the gyroscopic effect. Furthermore, in both stiffness, Kwa, and damping,
Cwa, matrices non-zero off-diagonal elements, indicative of the coupled mo-
tion of the radial translational and rotational modes, are considered. The
expanded matrices and vectors are reported in Appendix A.
2.2. Dynamic Coupling Theory
With the aim to define the impact of the disturbances produced by a
microvibration source, two aspects have to be taken into account: static
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and dynamic effect. The former indicates the effects of the source’s inertia
properties on the dynamics of the supporting structure (i.e. satellite). The
latter, on the other hand, represents the effect of the source when this is in
operation; for instance, the mass imbalance of a flywheel or the mechanical
noise generated by imperfections in the motor bearings. The static effect
can be evaluated either using a detailed FE model of the source (although
rotary mechanisms FE models are quite challenging to be reproduced) or
using experimental results, as proposed in [31]. Concerning the dynamic
influence, the simplest and most common approach is to process the data
derived from a hard-mounted configuration test campaign.
The final goal is therefore, to combine both the static and the dynamic
effects to generate a single and unique equivalent input force. This can be
subsequently used in coupled dynamics analysis as the driving force to be
applied at the source in order to move the source itself. In fact, the forces
and moments fC that are actually transmitted at the interface between the
source and the supporting structure can be described as function of:
i. dynamic characteristics (inertia, stiffness and damping) of the source,
Dwa
ii. dynamic characteristics (inertia, stiffness and damping) of the supporting
structure, Dss
iii. the driving force used to move the source (i.e. forces and moments
measured in the hard-mounted boundary condition fB)
fC = fB −Dwax¨C (2)
where x¨C is the vector of the coupled acceleration at the interface. The main-
stream idea in this study is that the source and the satellite are connected
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through a single interface node with six DoFs. Consequently, fC , fB, and x¨C
are 6x1 frequency dependent vectors, and Dwa is a 6x6 matrix. The accel-
eration vector x¨C can be determined if the supporting structure response at
the interface node point (i.e. dynamic mass of the supporting structure Dss)
is provided:
x¨C = D
−1
ss fC (3)
Substituting Eq.(3) into Eq.(2), Eq.(2) can be re-written as:
fC = fB −DwaD−1ss fC (4)
which can be re-arranged for fC to obtain:
fC =
(
I−DwaD−1ss
)−1
fB (5)
where I is a 6x6 unit matrix. The difference between the forces measured in
the hard-mounted configuration and those derived when the source is phys-
ically assembled with its supporting structure is clearly visible. Eq.(5) can
also be reformulated in terms of Power Spectral Density (PSD) which shows
directly the frequency content of the signals and their relative strength in each
DoF. This is also a common and industry accepted format to present this
kind of data. The 6x1 force vectors fC and fB become 6x6 matrices, ΦC and
ΦB, respectively, where the off-diagonal terms supply the cross-correlation
knowledge. The term in bracket can be seen as the transfer function between
fB and fC . When dealing with PSD entities, the Hermitian of the matrix
representing the transfer function has to be calculated. The output coupled
force ΦC can be finally expressed as:
ΦC =
(
I−DwaD−1ss
)−1
ΦB
(
I−DwaD−1ss
)−H
(6)
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The PSD output at any location on the satellite structure, Φout, can subse-
quently be obtained multiplying the ΦC by an opportune transfer function
matrix which links the interface node point to the output location point on
the satellite structure, TFC−out, thus to obtain:
Φout = TFC−out
(
I−DwaD−1ss
)−1
ΦB
(
I−DwaD−1ss
)−H
TFHC−out (7)
The predictions obtained using Eq. (6) and Eq. (7) can be quantitatively
compared to the experimental results in terms of FRAC. This evaluates each
DoF based on the frequency response comparison of the analytical and ex-
perimental derived functions [32]. The FRAC can assume values comprised
between 0 and 1, where 1 indicates perfect correlation. The FRAC is ex-
pressed as:
FRAC =
(∑
i{Φout,testi}{Φout,FEM i}∗
)2(∑
i{Φout,testi}{Φout,testi}∗
) (∑
i{Φout,FEM i}{Φout,FEM i}∗
) (8)
where ∗ represents conjugate values. Note that no stretching and no shifting
has been performed in this study.
2.3. Dynamic Mass Modelling
In general, the dynamic mass can be expressed as a fully populated 6x6
matrix. Previous studies in [20, 37, 38] have shown that the diagonal elements
are the most influential. In addition, the four cross-term dynamic mass
elements Dwa15, Dwa24, Dwa42, Dwa51 are also significant. Furthermore, due to
the gyroscopic effect, the off-diagonal elements correlating the translational
DoFs and the rotational DoFs, commonly neglected, are also important hence
must be considered [39]. Being the dynamic mass matrix symmetric about
its diagonal and due to RWA axisymmetry, the following assumptions can be
made:
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i. no coupled effects between the axial and radial modes are considered so
that elements Dwai3 for i 6= 3, Dwa3j for j 6= 3, Dwai6 for i 6= 6 and Dwa6j
for j 6= 6, are equal to zero
ii. Dwa11 = Dwa22
iii. Dwa44 = Dwa55
iv. Dwa15 = Dwa51
v. Dwa24 = Dwa42
vi. Dwa24 = −Dwa15
vii. Dwa21 = −Dwa12
viii. Dwa14 = Dw25
ix. Dwa41 = Dw52 = −Dwa14 = Dwa25
x. Dwa54 = −Dwa45
Thereby, the dynamic mass matrix can be written as:
Dwa =

Dwa11 Dwa12 0 Dwa14 −Dwa24 0
−Dwa12 Dwa11 0 Dwa24 Dwa14 0
0 0 Dwa33 0 0 0
−Dwa14 Dwa24 0 Dwa44 Dwa45 0
−Dwa24 −Dwa14 0 −Dwa45 Dwa44 0
0 0 0 0 0 Dwa66

(9)
Note the number of elements defining the RWA dynamic mass matrix is
dramatically reduced from 36 to only 8 elements, boxed in Eq.(9). In order
to analytically and/or experimentally retrieve the dynamic mass of a RWA,
direct measurements of the wheel accelerance matrix [31, 40] are generally
carried out.
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(a) (b)
Fig. 3.
Supporting structures used during coupled test campaign: (a) stiff support and (b) hon-
eycomb panel. The stiff support is a solid block made of Aluminium whereas the panel is
a sandwich structure.
3. Experimental Tests
A preliminary test campaign was conducted to assess the loads, due to
mass imbalance and local motor bearing imperfections, generated by the
RWA when hard-mounted on an isolated and rigid platform. Subsequently,
the coupled dynamics when the RWA is assembled with a stiff support (see
Fig. 3(a)) were measured, in terms of coupled forces at the RWA-structure
interface and accelerations at several locations on the structure, and the
outcomes used to validate the RWA model and the equations described in
section 2. Finally, the RWA was connected to a more representative space-
craft structure, shown in Fig. 3(b), and the interface loads and accelerations
15
(a) (b)
Fig. 4.
RWA hard-mounted test setup: (a) RWA z-axis and (b) RWA x-axis.
of the flexible supporting structure quantified by means of uni-axial force
transducers and accelerometers. The experimental tests have been carried
out in the Surrey Space Centre facility and, in order to minimise the level of
noise, they have been run between 12am and 6am significantly restricting the
noise due to normal activities inside and outside the building (e.g. traffic,
walking, etc.).
3.1. Hard-mounted Configuration
The loads generated by the RWA were measured using the platform de-
veloped in [40]. A range of speed from 600 to 4800 rpm with a 60 rpm step
increase was considered and the acquisition time was set to 8 seconds leading
to a total of 71 available measurements and 28 minutes of recording. Due
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to the use of uni-axial force transducers, three test setups were needed for
the full characterisation of the RWA-induced loads. Fig. 4 illustrates the
test configuration for measurements in the wheel z-axis and x-axis. Mea-
surements along the wheel y-axis were obtained by rotating the RWA x-axis
test configuration by 90 degrees clockwise. Given the relative position of the
three uni-axial force transducers used in the experiments, it was also possible
to derive the moments at the RWA-platform interface. In addition, with the
aid of a Kapton tape taped onto the flywheel and of an optical sensor, the
signals were firstly synchronised and subsequently post-processed.
The results from the experiments are shown as spectral maps in Fig. 5.
These display the forces and moments at the RWA-platform interface and
a prevalence of the fundamental harmonic with respect to sub and higher
harmonics can be observed. Furthermore, they provide a qualitative overview
of the results giving an indication of the relationship between the secondary
harmonics and the structural modes of the system, the latter expressed in
terms of Campbell diagram and plotted as black solid lines. These serve to
show how the interaction of the harmonics with the RWA structural modes
leads to amplification in the RWA response. For instance, the amplification
occurring at 117 Hz in Fig. 5(b) due to interference of the second harmonic
and higher harmonics with the axial structural mode of the RWA.
3.2. RWA-stiff-support Coupled Configuration
The RWA was secured to a stiff Aluminium structure whose mass is ten
times bigger than the RWA’s mass. The system was then hung using elastic
cords to reproduce a free-free boundary condition. A set of four uni-axial
force sensors was placed at the interface between the RWA and the stiff
17
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Fig. 5.
Spectral maps of loads generated in the hard-mounted configuration superimposed to the
RWA speed dependent structural modes expressed as Campbell diagram (black solid lines):
(a) ΦB11; (b) ΦB33 and (c) ΦB55.
18
Fig. 6.
Coupled RWA-stiff-support test setup.
support to measure the coupled loads exchanged by the two bodies. Further-
more, six accelerometers were positioned on the stiff support to evaluate its
accelerations due to the RWA-induced excitation. A combination of the six
responses allowed to fully characterise the motion of the stiff support in all
the DoFs (three translations and three rotations). The test setup is shown
in Fig. 6. The RWA was spun from 1200 to 4800 rpm with a 300 rpm step
increase and the output data are represented as PSD waterfall plots in Fig. 7.
Due to the rigidity of the supporting platform, the system displays a sim-
ilar behaviour to that observed in the hard-mounted configuration. For in-
stance, the interaction between higher harmonics and the RWA-stiff-support
speed dependent structural modes is well depicted in Fig. 7. Amplifications
occurring when the harmonic frequency matches the corresponding system
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Fig. 7.
Spectral maps of the coupled RWA-stiff-support experimental data: (a) axial force; (b) mo-
ment and (c) accelerometer T3. Amplifications due to the interaction between harmonics
and the system structural modes are also highlighted.
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structural mode are highlighted in Fig. 7 for frequencies equal to about 120
Hz and 190 Hz.
3.3. RWA-panel Coupled Configuration
A sandwich panel with Aluminium skin (0.9 mm thick) and Aluminium
honeycomb core (18 mm thick) was selected as representative of a flexible
spacecraft interface. The RWA was connected to the panel by means of
4 force sensors (100 mV/N sensitivity). These were used to measure the
coupled forces along the RWA z-axis at the RWA-to-panel interface. A set of
3 accelerometers (1000 mV/g sensitivity) suitable for microvibration analysis
was installed on different locations of the panel with the purpose to evaluate
the structure response to the RWA-induced disturbances. Finally, in order
to reproduced a free-free boundary condition, the system was lifted from the
ground using a crane and elastic cords. The free-free condition was such that
the rigid body natural frequencies of the system were lower than 1 Hz. In
Fig. 8, the test configuration is illustrated, also showing the location of the
accelerometers.
The RWA flywheel was operated using an opportunely designed motor
driver in a range of speed spacing from 600 rpm to 4800 rpm. Increments of
60 rpm were applied allowing a resolution in the speed domain of 1 Hz.
The data were acquired in the time domain and subsequently processed
and reformulated in the frequency domain in terms of PSD. The outcomes
of this analysis are graphed in Fig. 9 as spectral maps. The interaction be-
tween the RWA-induced disturbances and the RWA-panel structural modes
is clearly present and amplifications occurring at frequencies for whose the
harmonics frequency and the system resonance match can be observed. For
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Fig. 8.
Coupled RWA-panel test setup.
instance, increases in the system response amplitude are experienced at fre-
quencies equal to 100 Hz, 150 Hz, 230 Hz and 280 Hz as depicted in Figs. 9(a)
and 9(c). Further amplifications are also registered at 160 Hz, as shown in
Fig. 9(b). It must be remarked that when dealing with coupled dynamics
analysis, the coupling between the RWA internal dynamics and the support-
ing structure structural dynamics is significant.
4. Coupled Dynamics Analysis
The static frequency only dependent RWA dynamic mass was initially
retrieved experimentally using the method described in [31]. This allowed an
accurate FE model of the RWA (Fig. 10(a)) to be built and further expanded
to include the gyroscopic effect. This was used to compute the RWA dynamic
in both the frequency and speed ranges of interest.
In this section, the frequency and speed dependent RWA dynamic mass
at the mounting point location in both static and in-operation conditions are
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Fig. 9.
Spectral maps of the coupled RWA-panel experimental data: (a) axial force; (b) moment
and (c) accelerometer T2. Amplifications due to the interaction between harmonics and
the system structural modes are also emphasised.
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(a) (b)
Fig. 10.
FE models: (a) RWA and (b) structural panel.
obtained by means of frequency response analysis in MSC/NASTRAN on the
RWA FE model, as depicted in Fig. 10(a). Data processing was performed
using a Math tool software (i.e. MATLAB). In addition, the frequency de-
pendent dynamic mass of both the stiff support and the structural panel used
for coupled analysis, see Fig. 10(b), are also calculated. The dynamic mass
matrices of the RWA, stiff support and structural panel are subsequently
implemented with the forces and moments retrieved from hard-mounted ex-
perimental tests on the RWA, to estimate the coupled loads transmitted at
the interface between the bodies.
4.1. RWA and Structural Panel Dynamic Mass
Although the evaluated RWA dynamic mass coefficients displayed good
agreement with the experimental results and behaved accordingly, for sim-
plicity, only three elements are shown in this article; they are: Dwa14, Dwa24
and Dwa33. The structural panel interface point dynamic mass was obtained
from its FE model by applying unit forces and moments at one DoF at a
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time; it was then validated against test results described in [41]. Here the
panel was suspended using elastic cords as to reproduce a free-free boundary
condition. Mini-shakers were then used to excite the six DoFs of the panel at
the interface location. The acceleration responses were then post-processed
to derive the accelerance matrix of the structure. For ease of legibility, only
the element representing the dynamic mass in the axial DoF is reported here
as it is the most significant. The analytical responses were simulated in both
frequency (20 to 300 Hz) and speed (0 to 4800 rpm) bands for the RWA and
in the frequency band only for the supporting platforms. The outcomes are
illustrated in Fig. 11 and Fig. 12, respectively. The RWA modes are clearly
shown in each plot. Due to the gyroscopic effect and the coupled dynamics of
the in-plane DoFs, the system response displays four whirls in Fig. 11(a) and
(b): forward and backward whirls of the rotational mode and of the lateral
translation mode. These whirls are strongly related to the gyroscopic effect
occurring whenever a rotating mechanism displays a conical mode shape.
For increasing angular speeds, if the shaft spin and the whirl directions are
the same (forward whirl) the gyroscopic effect acts as a stiffener element
for the radial rotational mode (at times, also referred to as rocking) of the
mechanism hence the resonance frequency of the system grows. On the other
hand, if the motion of the whirl is opposite to that of the shaft spin rotation
(backward whirl), the gyroscopic effect operates as a softener element thus
reducing the stiffness of the mechanism and, therefore, its natural frequen-
cies [42]. Due to the coupled DoF dynamics, for cantilever-configured RWAs,
this effect affects both the radial rotational mode and the radial translational
mode. Dwa24 includes all in-plane structural modes, as expected. Moreover,
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Fig. 11.
Speed and frequency dependent RWA dynamic mass: (a) Dwa14; (b) Dwa24 and (c) Dwa33.
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Fig. 12.
Frequency only dependent panel dynamic mass axial DoF element.
the commonly neglected coefficient Dwa14, though null when the RWA is in
a zero-speed condition, significantly changes with the spin speed, as a con-
sequence of the gyroscopic effect. The axial mode in Fig. 11(b), in contrast,
is decoupled from the in-plane modes and constant throughout the speed
range.
4.2. Coupled Microvibration Analysis
Figure 13 illustrates the four different cases analysed for both the RWA-
stiff-support and the RWA-panel systems:
i. source not included in the model and hard-mounted loads directly ap-
plied to the supporting structure (e.g. stiff support and panel)
ii. source represented as a lumped mass connected rigidly to the supporting
structure (i.e. using rigid elements)
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(a) (b) (c) (d)
Fig. 13.
Cases analysed: (a) no source; (b) source as lumped mass; (c) source dynamic mass,
Dwa(ω) and (d) source dynamic mass including the gyroscopic effect, Dwa(ω,Ω). ΦB
represents the PSD of the loads measured in a hard-mounted boundary condition.
iii. source frequency dependent internal dynamics included in the model (the
gyroscopic effect is ignored) connected rigidly to the supporting structure
(i.e. using rigid elements)
iv. source speed and frequency dependent internal dynamics included in
the model (the gyroscopic effect is included) connected rigidly to the
supporting structure (i.e. using rigid elements)
The PSD of the hard-mounted loads derived in section 3 were implemented
with the analytical dynamic mass of the RWA and the accelerance of either
the stiff support or of the structural panel, in Eq. (6) and Eq. (7), to predict
the transferred loads and the response of the structures.
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Table 1.
FRAC calculated for the RWA-rigid-platform coupled system responses
Model (a) Model (c) Model (d)
ΦC33 0.5653 0.5807 0.5807
ΦC44 0.9980 0.9981 0.9982
acube,ax 0.9956 0.9957 0.9957
The analytical outcomes concerning the coupling between the RWA and
the stiff support displayed a good agreement with the experimental data both
in terms of interface loads and stiff support response, as shown in Figs. 14
and 15.
It must be observed that, however, due to its rigidity the stiff support
behaves as a lumped mass in the range of frequency analysed (its resonance
frequencies are above 1000 Hz), hence its internal dynamics did not affect
the response. Therefore, the coupled effect between the source and the sup-
porting structure were limited in this case. This led to a simplification of the
case-study analysed, for which all the models in Fig. 13 were able to correctly
predict the dynamics of the bodies when coupled together. Nevertheless, also
in this simplified scenario, the model (d) presented an improved estimate, es-
pecially where the internal dynamics of the RWA were important. This can
be further demonstrated using the FRAC, as shown in Table 1. The values
confirm the good agreement between the analytical results and the test ex-
periment and highlight the superior prediction due to the implementation of
the RWA dynamic mass.
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Fig. 14.
Comparison of the interface RWA-stiff platform loads between test results and the four
analytical approaches (Ω = 1200rpm): (a) |ΦC33| and (b) |ΦC44|.
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Fig. 15.
Comparison of the acceleration response of the stiff platform between test results and the
four analytical approaches (Ω = 1200rpm).
On the other hand, coupled effects were expected in the RWA-panel cou-
pled configuration due to the flexible behaviour of the structural panel. These
can be observed in Figs. 16 and 17, where the experimental results are com-
pared to the analytical estimations.
Resonances due to the interaction between the RWA and the panel in-
ternal dynamics are clearly visible. For instance, amplifications can be ob-
served at about 92 Hz, 165 Hz and 215 Hz. In terms of correlation, none of
the models in Fig. 13 precisely matched the test results. The hard-mounted
microvibrations applied as direct input in model (a) generally overestimated
the coupled loads and response, as expected. Moreover, the dynamics of the
RWA between 150 Hz and 175 Hz were missed. Although improving the re-
sponse estimate, model (b) failed to simulate the RWA structural modes due
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Fig. 16.
Comparison of the interface RWA-panel loads between test results and the four analytical
approaches (Ω = 2400rpm): (a) |ΦC33| and (b) |ΦC44|.
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Comparison of the acceleration response of the panel between test results and the four
analytical approaches (Ω = 2400rpm).
to lack of RWA dynamics implemented in the model. In contrast, models (c)
and (d) presented an increased agreement throughout the frequency band of
interest. The latter, in particular, was not only able to reproduce the cou-
pled dynamics between the RWA and the panel (as model (c) did too) but
was also able to accurately simulate the RWA structural dynamics. This is
remarked in Table 2 where the analytical outcomes are expressed in terms of
FRAC using Eq. (8) to show the beneficial effect of considering the RWA and
the supporting structure dynamic mass matrices when dealing with coupled
analysis. At frequencies beyond 200 Hz however, the coupled microvibrations
predicted when implementing the RWA dynamic mass and that obtained by
representing the RWA as a lumped mass are similar. This is explained due
to absence of RWA modes in that region. The outcomes presented in this
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Table 2.
FRAC calculated for the RWA-panel coupled system responses
Model (a) Model (c) Model (d)
ΦC33 0.2655 0.4304 0.4502
ΦC44 0.4389 0.4391 0.4618
apanel,T1 0.2984 0.4282 0.4424
section asserts that the method of implementing the RWA dynamic mass
including the gyroscopic effect, is a valid and more favorable methodology
for coupled microvibration analysis w.r.t. the traditional method where the
hard-mounted forces and moments are directly applied to the supporting
structure. Moreover, it offers an improved prediction over the traditional
RWA static dynamic mass. In addition, it was observed that if the reso-
nances of the supporting structure are well beyond the frequency band of
interest, the advantage of using RWA dynamic mass is strictly limited to the
region where the RWA modes are important.
5. Conclusions
The coupled microvibrations dynamics when a cantilever-configured RWA
is mounted on a supporting structure were described in this article. Two
coupled setups were developed to measure the reaction loads at the interface
between the supporting structures and the RWA and in a coupled boundary
condition with the bodies suspended free-free. Moreover, the response of the
structures at multiple locations were also evaluated. The first test configu-
ration implemented a rigid structure of which the modes were beyond the
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frequency band of interest whereas the second considered a flexible structure
with modes occurring between 20 Hz and 300 Hz. The former was primarily
used as a benchmark example to validate the RWA microvibration model.
The predictions derived from the traditional approach that simply uses the
forces and moments from the hard-mounted boundary condition as direct
input to the supporting structures has been demonstrated to ignore signif-
icant characteristics of the system response. It was also observed that the
application of correcting factors such as the RWA and supporting structure
dynamic masses, considerably improved the agreement between analytical
estimates and test results. Finally, the inclusion of the gyroscopic effect in
the RWA internal dynamics characterisation, proved to offer superior pre-
dictions over the aforementioned approach. Practically, the dynamic mass
of a RWA including the gyroscopic effect can be derived from its analytical
model, provided that this is available and validated. Thereby, the analysis
process can be conducted following a systematic approach for any type of
RWA.
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Appendix A. RWA Imbalance Flywheel System Matrices
With reference to Eq.(1), all matrices are as follows:
Mwa = diag {Mw,Mw,Mw, IRw , IRw ,Mb,Mb,Mb, IRb , IRb}
Gwa =

Gwa45 = ΩIZw
Gwa54 = −ΩIZw
0, elsewhere
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Cwa =

cTw 0 0 0 −cTwd −cTw
0 cTw 0 cTwd 0 0
0 0 czw 0 0 0
0 cTwd 0 cTwd
2 + crw 0
−cTwd 0 0 0 cTwd2 + crw cTwd
−cTw 0 0 0 cTwd cTw + cTb . . .
0 −cTw 0 −cTwd 0 0
0 0 −czw 0 0 0
0 cTwe 0 cTwde− crw 0 0
−cTwe 0 0 0 cTwde− crw (cTw − cTb)e
0 0 0 −cTwe
−cTw 0 cTwe 0
0 −czw 0 0
−cTwd 0 cTwde− crw 0
0 0 0 cTwde− crw
. . . 0 0 0 (cTw − cTb)e
cTw + cTb 0 −(cTw − cTb)e 0
0 czw + czb 0 0
−(cTw − cbw)e 0 (cTw + cTb)e2 + crw + crb 0
0 0 0 (cTw + cTb)e
2 + crw + crb

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Kwa =

kTw 0 0 0 −kTwd −kTw
0 kTw 0 kTwd 0 0
0 0 kzw 0 0 0
0 kTwd 0 kTwd
2 + krw 0
−kTwd 0 0 0 kTwd2 + krw kTwd
−kTw 0 0 0 kTwd kTw + kTb . . .
0 −kTw 0 −kTwd 0 0
0 0 −kzw 0 0 0
0 kTwe 0 kTwde− krw 0 0
−kTwe 0 0 0 kTwde− krw (kTw − kTb)e
0 0 0 −kTwe
−kTw 0 kTwe 0
0 −kzw 0 0
−kTwd 0 kTwde− krw 0
0 0 0 kTwde− krw
. . . 0 0 0 (kTw − kTb)e
kTw + kTb 0 −(kTw − kTb)e 0
0 kzw + kzb 0 0
−(kTw − kbw)e 0 (kTw + kTb)e2 + krw + krb 0
0 0 0 (kTw + kTb)e
2 + krw + krb

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qwa =

xw
yw
zw
θw
ϕw
xb
yb
zb
θb
ϕb

fwa =

nT∑
j=1
ATj Ω
2 sin
(
HTj t
)
+ UT (Ω)
nT∑
j=1
ATj Ω
2 cos
(
HTj t
)
+ UT (Ω)
nZ∑
j=1
AZj Ω
2 sin
(
HZj t
)
+ UZ (Ω)
nR∑
j=1
ARj Ω
2 cos
(
HRj t
)
+ UR (Ω)
nR∑
j=1
ARj Ω
2 sin
(
HRj t
)
+ UR (Ω)
0
0
0
0
0

The superscripts T , R and Z in the excitation vector indicate trans-
lational, rotational and axial DoFs respectively. The harmonic number is
represented by H, which is a fraction of the excitation speed Ω, whereas A is
the amplitude of j-th harmonic considered in the model. The total number
of harmonics in the model is assumed equal to n. Finally, U(Ω) represents
the broadband noise in function of the excitation speed.
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